We have obtained contemporaneous light, color, and radial velocity data for three protoplanetary nebulae (PPNe) over the years 2007 to 2015. The light and velocity curves of each show similar periods of pulsation, with photometric periods of 42 and 50 days for IRAS 17436+5003, 102 days for IRAS 18095+2704, and 35 days for IRAS 19475+3119. The light and velocity curves are complex with multiple periods and small, variable amplitudes. Nevertheless, at least over limited time intervals, we were able to identify dominant periods in the light, color, and velocity curves and compare the phasing of each. The color curves appear to peak with or slightly after the light curves while the radial velocity curves peak about a quarter of a cycle before the light curves. Similar results were found previously for two other PPNe, although for them the light and color appeared to be in phase. Thus it appears that PPNe are brightest when smallest and hottest. These phase results differ from those found for classical Cepheid variables, where the light and velocity differ by half a cycle, and are hottest at about average size and expanding. However, they do appear to have similar phasing to the larger amplitude pulsations seen in RV Tauri variables. Presently, few pulsation models exist for PPNe, and these do not fit the observations well, especially the longer periods observed. Model fits to these new light and velocity curves would allow masses to be determined for these post-AGB objects, and thereby provide important constraints to post-AGB stellar evolution models of low and intermediate-mass stars.
INTRODUCTION
Proto-planetary nebulae (PPNe) are objects in the short-lived (few thousand years) evolutionary stage between asymptotic giant branch (AGB) (PNe) . Such objects are expected to be surrounded by an expanding circumstellar envelope of gas and dust ejected during and especially at the end of the AGB phase. Based on infrared measurements made by the Infrared Astronomical Satellite (IRAS), a number of candidates were identified based on their large infrared excesses at 25 µm, resulting from emission by the cool (150−300 K) dust (e.g., Parthasarathy & Pottasch 1986; Hrivnak et al. 1989) . Follow-up millimeter wavelength observations in some sources revealed the molecular component of the gas (Likkel 1989; Likkel et al. 1991; Omont et al. 1993) and Hubble Space Telescope (HST) observations revealed the envelope in scattered light (Ueta et al. 2000; Sahai et al. 1 2007; Siódmiak et al. 2008) .
Observations of the central stars of PPNe showed spectral types from late-G to early-B, with the luminosity class of supergiants (Suárez et al. 2006) due to their low surface gravities. Highresolutions spectra indicated that they are divided between carbon and oxygen-rich chemistries and are iron-poor compared to the Sun (Van Winckel 2003) . The stars were observed to vary in brightness, and intensive studies were carried out by Arkhipova et al. (2010 Arkhipova et al. ( , 2011 and Hrivnak et al. (2010 Hrivnak et al. ( , 2015a . The light variability is complex, with the appearance of varying periods and amplitudes, and can be variously described as somewhat periodic, multi-periodic, or quasi-periodic. The maximum amplitudes (peak to peak) of PPNe are not large, ≤0.7 mag and typically ≤0.25 mag. Similar complexities are seen in other post-AGB stars, such as RV Tauri variables (Kiss et al. 2007 ), although since they are typically larger-amplitude pulsators than the PPNe, the complexities are not as dominant. Periods of PPNe have been found to range from 35 to 160 days (Hrivnak et al. 2010 (Hrivnak et al. , 2015b , and wellstudied ones show what appear to be multiple periods beating upon one another, usually with a secondary period close (±10 %) to the primary (Hrivnak et al. 2011; Arkhipova et al. 2011; Hrivnak et al. 2015a) .
A combined light and velocity curve pulsation study of two bright PPNe was carried out by Hrivnak et al. (2013) . Examining the relationship between light, color, and radial velocity curves, they found that the phases of the color curves were identical with that of the V light curve, while the phases of the radial velocity differed by about −0.25 phase. In this paper, we begin by investigating the periodicity in the radial velocity curves of three additional bright PPNe. We then go on to examine the relationship between light, color, and radial velocity curves for three PPNe. These phase relationships can help to constrain the pulsation models for objects, and the associated periods and amplitudes can, in principle, be used to determine their masses.
PROGRAM OBJECTS
The three program objects, IRAS 17436+5003, 18095+2704, and 19475+3119, are among the seven bright (V<10.5) PPNe that we have been monitoring for radial velocity variability (Hrivnak et al. 2017) . They clearly possess the properties of PPNe. All have double-peaked spectral energy distributions, with a peak in the visible arising from the (reddened) photosphere and a second peak in the mid-infrared arising from re-radiation from cool (T≈200 K) dust. These three possess expanding circumstellar shells of gas and display the spectra of F supergiants. Some basic properties of these objects are listed in Table 1 , including effective temperature (T eff ) and surface gravity (g). They are metal poor ([Fe/H]<0)), as befits their evolved age, and oxygen-rich ([C/O]<0). No evidence of binarity has been found in these three objects (Hrivnak et al. 2017) .
For each of these objects, we have obtained contemporaneous light and radial velocity curves from 2007−2015, and we have also obtained radial velocity curves from 1991−1995. We recently published a detailed light curve study of these three based on our observations from 1994 to 2012 (Hrivnak et al. 2015a ). There are also other published light curve studies and for IRAS 17436+5003, a published radial velocity study from the late 1970s (Burki et al. 1980 ).
RADIAL VELOCITY OBSERVATIONS
We have carried out radial velocity observations of these three objects using high-resolution spectra observed with four different telescopespectrograph-detector systems. The initial observations were carried out at the Dominion Astrophysical Observatory (DAO) in Victoria, Canada, using the Radial Velocity Spectrometer at the Coudé focus of the 1.2-m telescope. This used a physical mask based on an F star and covered the spectral range 4000−4600Å. Most of the data are from 1991 to 1993. We will refer to these as the DAO-RVS observations. We re-initiated the radial velocity program at the DAO in 2007, using a CCD (DAO-CCD) and covering a smaller spectral region, 4350−4500Å. More details of the DAO observations are given in our earlier papers (Hrivnak et al. 2011 (Hrivnak et al. , 2013 .
The study was expanded to include radial velocities observations for all three objects with the the Flemish 1.2-m Mercator Telescope on La Palma and additional observations of IRAS 17436+5003 with the 1.65-m telescope of the Moletai Observatory (Lithuania). The Mercator observations began in 2009 and used the HERMES fiber-fed echelle spectrograph (Raskin et al. 2011 ) and covered the spectral range 4770−6550Å. The Moletai Observatory spectra covered the interval 3850−6400Å and used a physical CORAVEL mask based primarily on the solar spectrum. These Moletai observations were carried out from 2008 to 2014.
Despite our care in calibrating the observations made with the different telescope-spectrographdetector systems, we found systematic differences between them for each of the individual stars. The values of these systematic differences were determined empirically for the three contemporaneous radial velocity data sets observed from 2007 to 2015, and the details are given in Appendix I. Adopting the higher-precision HERMES data as the standard, we found that the differences ranged from 0.5 to 1.45 km s −1 for the three objects. We attribute these differences to peculiarities of the PPNe spectra as compared with standard stars, including shocks and outflows, and the differences in the wavelength regions used. This is discussed in much more detail in our recent radial velocity search for evidence of binary motion in these three and four other bright PPNe (Hrivnak et al. 2017) . We adjusted the 2007−2015 data from these three telescopes for the empirically-determined differences (offsets), and then combined them into one radial velocity data set for each of these three objects. The 1991−1995 data sets were examined separately.
A summary of the different radial velocity data sets for each object, including the years of observations, the number of observations, the average values, and the offset values, is listed in Table 2 . These average values are as measured, without including the empirically-determined offsets.
In Tables 3, 4 , and 5 are listed the individual radial velocity measurements for IRAS 17436+5003, 18095+2704, and 19475+3119, respectively, with each of the different telescopespectrograph-detector systems (DAO-RVS, DAO-CCD, HERMES, CORAVEL). Again, these listed values are as measured on the individual systems, without the offsets included.
NEW PHOTOMETRIC OBSERVA-TIONS
New photometric observations of these objects were carried out from 2013 to 2015 at the Valparaiso University Observatory (VUO). These were obtained with an 0.4 m telescope equipped with an SBIG 6303 CCD camera and standardized to the Johnson B and V and Cousins R C systems. Differential photometry was employed, using an aperture of 11 ′′ diameter, as was used in our previous studies. Tables 6, 7 , and 8. These complement and were combined with our earlier 2007−2012 data sets in the following analyses. The same comparison stars were used as we used previously (GSC 03518-00926 for IRAS 17436+5003, GSC 02100-00387 for IRAS 18095+2704, and GSC 02669-02709 for IRAS 19475+3119), and their magnitudes are listed in our previous paper (Hrivnak et al. 2015a ).
PERIOD ANALYSES
Period analyses were carried out using PE-RIOD04 (Lenz & Breger 2005) , which uses a Fourier transform to determine the frequencies in the data. It is written to easily accommodate multiple periods using sine curve fits. We adopted their criteria of significance, which is a signal-to-noise ratio (S/N) greater than or equal to 4.0 (Breger et al. 1993) . Similar period values were also determined using the generalized LombScargle periodogram (Zechmeister & Kürster 2009).
VARIABILITY STUDY OF IRAS
17436+5003 (HD 161796)
Light and Color Curve Study
Fernie, in a series of papers culminating in 1995 (Fernie & Seager 1995) , obtained light and color curves of IRAS 17436+5003 from 1980−1998 1 and more recently Hrivnak et al. (2015a) carried out light and color curve observations from 1984−2012. These light curves show a cyclical behavior with varying amplitudes that are small in V (≤0.21 mag, peak to peak) and vary over a range of a factor of 3−4. The amplitudes are larger in (B ∼140%) and smaller in R (∼90%). In our recent study, an analysis of these two data sets combined, along with data from 1979−1980 by Percy & Welch (1981) , revealed a dominant period of 45.15±0.01 days over this 35 year interval, along with several additional weaker but significant periods. The secondary period was close to the primary period, with P 2 /P 1 = 1.06. The color varied with brightness, being redder when fainter, and the V light curve showed an overall increase in brightness of ∼0.10 mag over this 35 year interval.
Radial Velocity Study
IRAS 17436+5003 is bright (V=7.1) and a relatively easy target for high-resolution spectrographic observations. The first series of radial velocity measurements were carried out by Burki et al. (1980) , who observed it with the CORAVEL spectrophotometer at the Geneva Observatory. They used a mask based upon Arcturus that covered the spectral region 3600−5200 A, and they obtained 74 observations during the 1978 and 1979 seasons, with a typical uncertainty of 0.55 km s −1 . From these radial velocities, they determined a period of 54 days. We subsequently observed it from 1991−1995 with the DAO-RVS (59 observations) and then from 2007−2015 with , HERMES (105), and CORAVEL (107).
We began by analyzing the radial velocities in these three different epochs. Our period analysis of the Burki et al. (1980) radial velocities yielded a period of 53.4±0.4 days, but the S/N for this period (3.9) is slightly below the significance level adopted for PERIOD04 analyses (S/N≥4.0). However, the period analysis of these radial velocities year by year yielded significant periods of 50.3±0.7 days (1978, 17 observations) and 56.9±1.7 days (1979, 57 ). An analysis of the DAO-RVS data set from 1991 to 1995 did not yield a significant period, although an analysis of a two-year interval with the majority of the data, 1991−1992 with 34 observations, did yield a significant period of 42.8±0.4 days. The radial velocities from the contemporaneous DAO-CCD, CORAVEL, and HERMES data sets were initially examined individually before they were combined. An analysis of the DAO-CCD data from 2007-2015 yielded a significant period of 47.7±0.1 days. An analysis of the HERMES data found a most-likely period of 51.8 days. The CORAVEL data yielded two marginally significant periods, 35.3±0.1 and 46.6±0.1 days. These three data sets were then combined, using empirically-determined offsets to correct for the measured systematic differences between them (see Appendix I). The full range of velocities (peak-to-peak) is 13 km s −1 . The period analysis of the combined 2007−2015 data set led to a value of 39.4 days, but it was not formally significant (S/N=3.4). The results of the periodigram analyses of these various subsets of the radial velocity data are summarized in Table 9 . In this table are listed the systemic velocities (A 0 ), periods (P), amplitudes (A), and phases (φ) for the indicated observing years. One sees that the recent observations analyzed separately indicate periodicities in the data, but the values do not all agree. The results of these analyses highlight the impact of the complexities in the velocity curve on the analysis of limited data sets for such an object with a multi-periodic or quasi-periodic, semiregular variability.
Contemporaneous Light, Color, and
Velocity Curve Study
In Figure 1 are shown the contemporaneous light (V), color (B−V & V−R C ), and radial velocity (V R ) curves of IRAS 17436+5003 from 2007−2015. These are based on the light and color observations by Hrivnak et al. (2015a) and our more recent 2013−2015 observations. The radial velocities consist of the combined results from DAO-CCD (2007 −2015 , CORAVEL (2008 −2014 ), and HERMES (2009 −2015 , adjusted with the empirically-determined offsets.
Visual inspection of the light curves show periodic or quasi-periodic variation in some of these seasons (2007, 2009, 2010, 2012, 2013) but not in others. Those with the periodic or quasi-periodic variations were generally those with the largest peak-to-peak seasonal variations. The overall seasonal variations ranged in V from 0.08−0.22 mag. A formal period analysis of the 2007−2015 V light curve revealed two periods in the data, 42.3 and 49.9 days, with similar amplitudes. The same values were found for the B, R C , and (B−V) curves. No periodicity was found in the overall (V−R C ) curve, which has the smallest amplitude variations (0.06 mag peak-to-peak). Similar values were found when we adjusted the data to remove slight differences in the seasonal mean levels. The frequency spectrum for the V light curve from 2007 to 2015 and also for the radial velocity over that same time interval are shown in For the purposes of comparing the light, color, and velocity curves, we began by examining the data in two-year rather than one-year intervals, in an effort to increase the number of data points and obtain a more robust result. This was done for the years showing the most cyclical behavior, 2009−2010 and 2012−2013 . Investigating in detail the 2012−2013 data using the period derived from the V light curve (P=49.52 days) and an arbitrary epoch of JD 2,455,600.00 yielded for the respective data sets the following semi-amplitudes (A) and phases (φ) for sine curve fits − V: 0.046 mag and 0.58, (B−V): 0.021 mag and 0.57, (V−R C ): 0.011 mag and 0.55, V R : 1.80 km s −1 and 0.32, with an uncertainty in phase of ±0.02−0.03. These curves are shown in Figure 3 and the sine curve parameters are listed in Table 10 . The variation in the amplitudes seen in the overall light curve (Fig. 1) is shown clearly in the phased V light curve. The standard deviations from the sine curves are as follows: σ(V) = 0.031 mag, σ(B−V) = 0.021 mag, σ(V−R C ) = 0.016 mag, and σ(V R ) = 2.42 km s −1 . The light and color curves are in phase, with the radial velocity curve a quarter of a cycle out of phase. A similar investigation of the 2009−2010 data using the period derived from the V light curve (P=48.05 days) did not give a good fit to either of the color or radial velocity curves.
We next investigated the 2007 and 2010 data in individual years. The 2007 V light curve has a period of 43.8 days, but there was not a consistent period that could be applied to all of the data of that year. However, the 2010 data are more consistent, with a similar period of 45.6±0.1 days found in the V, B, R C , and (B−V). When we fit the color and velocity curves to the period found in the V light curve, 45.62 days, we found the following semi-amplitudes and phases for sine curve fits There are two additional sets of contemporaneous data that we examined. The first of these is our DAO-RVS radial velocities and the light and color curves of Fernie & Seager (1993 , 1995 from 1991−1995; these data are shown in Figure 4 . Since the 1991−1992 radial velocities possess a periodicity, we carried out an analysis for these years. Examination of the 1991−1992 light curves also reveal cyclical behaviour over most of this time. The photometry in the later part of 1992, however, shows a relatively large increase in brightness and blueness. Since we are not able to model these increases and since we did not have radial velocity observations during this time to see if there was an impact on the velocity measurements, we have excluded these photometric data from our periodogram analysis. Analyzing the 1991−1992 measurements, excluding the photometry at the end of 1992, results in P(V) = 43.3 days, P(B−V) = 44.2 days, and P(V R ) = 42.8 days. An analysis of the light, color, and velocity curves with the period fixed at that of the V light curve resulted in the following semi-amplitudes and phases − V: 0.028 mag and 0.52, (B−V): 0.009 mag and 0.43, V R : 1.39 km s −1 and 0.14, with an uncertainty in phase of ±0.01−0.03. These phase curves are shown in Figure 5 . The fits to the sine curves are good, with standard deviations of σ(V) = 0.019 mag, σ(B−V) = 0.013 mag, and σ(V R ) = 0.97 km s −1 .
The other set of contemporaneous velocity and photometry data are the radial velocity measurements of Burki et al. (1980 Burki et al. ( ) from 1978 Burki et al. ( −1979 and the V light curve measurements of Percy & Welch (1981) and Fernie (1983 Fernie ( ) from 1979 Fernie ( −1980 , shown in Figure 6 . We investigated the contemporaneous 1979 observations. These resulted in P(V) = 59.1 ±1.9 days and P(V R ) = 56.9 ±1.7 days. When we fixed the period at that of the V light curve data, we find the following semi-amplitudes and phases − V: 0.043 mag and 0.68, V R : 1.75 km s −1 and 0.49, with an uncertainty in phase of ±0.02. The results of the periodigram analyses of these various additional radial velocity subsets are listed in Table 9 and the results for the light, color, and velocity curve fits are listed in Table 10 .
VARIABILITY STUDY OF IRAS
18095+2704 (HD 335675) 7.1. Light and Color Curve Study Arkhipova et al. (2010) and more recently Hrivnak et al. (2015a) have carried out photometric studies of IRAS 18095+2704. In the latter study, we presented our photometric light curves from 1994−2012, which showed a cyclical variation in light and color, along with a continual slow increase in brightness. These data were combined with those of Arkhipova et al. (2010) , beginning in 1993, into a long-term period study. A primary period of 113.2± 0.1 day was determined from an analysis of the entire data set, while subsets over shorter intervals of time resulted in period values of 98−114 day. While cyclical, these light curves showed a large variation in amplitude, from 0.05 to 0.14 mag in V (peak to peak). The amplitudes were systematically larger in B and smaller in R. This cyclical variation is superimposed on an approximately monotonic increase in brightness of 0.40 mag (V) over 20 years. Multiple periods were found in these analyses, with secondary periods relatively close to the primary period and a ratio P 2 /P 1 of 0.86. The color varied with brightness, being redder when fainter.
Radial Velocity Study
Visual inspection of the DAO-RVS, DAO-CCD, and HERMES radial velocity data sets revealed cyclical variations in most of the seasons that had 10 or more observations. The different radial velocity data sets were investigated individually. A period search of the 1991−1995 DAO-RVS velocities revealed a period of 109.2±0.6 day. The 2007−2015 DAO-CCD velocities suggested a period of 103.5±0.4 days, but below the significance criteria. An identical period of 103.5±0.5 days was also found in the the 2009-2015 HERMES data, but again at a level slightly below the significance criteria. The analysis of the combined data from 2007 to 2015 resulted in a period of 103.5±0.3 day that was significant and a velocity semi-amplitude of 1.08 km s −1 . The combined DAO-CCD and HERMES radial velocity curve displays a range of 10 kms −1 peak to peak. The results of the period analyses of these radial velocity curves are listed in Table 9 .
Contemporaneous Light, Color, and Velocity Curve Study
In Figure 7 are displayed the contemporaneous light, color, and velocity curves from 2007−2015, the years for which we have data sets in common. The light and color curves are from VUO and the radial velocity curves from DAO-CCD and HER-MES. The brightness increase in the light curve was removed by fitting it with a low-order polynomial. Cyclical variations can be seen in the V light curves from each year, with peak-to-peak amplitudes ranging from 0.06 (2007, 2008) to 0.15 (2013) . Visual inspection of the V light curve shows that the periods of the variation range from 90−130 days. However in some seasons there appears to be a shallower minimum approximately half way between the deeper minima; we ascribe this to the multi-periodic character of the light variations. A period analysis of the V light curve from 2007−2015 yielded a dominant period of 102.3±0.2 days. This frequency spectrum is shown in Figure 8 , along with that of the combined radial velocities. Additional significant periods were found in the V data, and when determined simultaneously for the first three periods, yielded P 1 = 103.6, P 2 = 77.8, and P 3 = 137.0 days.
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There are also ASAS-SN photometric data 2 available for this object that cover the years 2013 −2017 (Kochanek et al. 2017 . The ASAS-SN data set includes more points with higher frequency but somewhat lower precision, and they show even more detailed and complex structure in the light curve. A period analysis of this data set yields a significant period of 105.4 days. Thus the more recent data (≥ 2007) indicate a shorter period than that found for the earlier 1994−2012 data.
To investigate the phase relationship between our light, color, and radial velocity curves, we compared the results of a period analysis of our 2010−2013 data sets. These four seasons have the largest light curve amplitudes and each shows a clear cyclical variation with a period of ∼100 days. A dominant period of 102.3±0.2 days was determined from the V light curve, with similar values found in the B and R light curves and the B−V color curve. Using the period derived from the V light curve and an arbitrary epoch of JD 2,455,600.00, together with a sine curve fit, yielded the following semi-amplitudes and phases − V: and 0.91, with an uncertainty in phase of ±0.01. These curves are superimposed on the data in Figure 7 . The sine curve fits the cyclical data of the V light curve for 2010−2013 reasonably well, although the fact that the sine curve is of constant amplitude and we have used only the dominant period and not secondary periods results in clear intervals of systematic deviations. Nevertheless, it is a good representation of the average V variation over these years. The fits to the (B−V) and V R are not as good but do serve to represent the data. For the V−R data, the variation is on the order of the precision and a good fit to a sine curve is not to be expected. These fit parameters are listed in Table 10 . In Figure 9 are shown the phase plots for the contemporaneous light, color, and radial velocity curves for 2010−2013. The fits are reasonably good, given the observed variations in the amplitudes, with standard deviations of σ(V) = 0.019 mag, σ(B−V) = 0.015 mag, σ(V−R C ) = 0.010 mag, and σ(V R ) = 1.27 km s −1 . (Note that the analysis of the radial velocities over this 2010−2013 time interval resulted in a period of 103.4±0.6 days. However, the fit to the radial velocities with this period is only marginally better, with σ(V R ) = 1.24 km s −1 .) One sees that the light and color curves are essentially in phase, with the B−V color curve peaking slightly after the V light curve. The radial velocity curve, by contrast, is approximately a quarter of a cycle out of phase with the light curve. 
Radial Velocity Study
Radial velocity observations of IRAS 19475+3119 were obtained with the DAO-RVS, DAO-CCD, and HERMES systems, and visual inspection of the data showed clear variability. The DAO-RVS measurements, from 1991−1995, resulted in a significant period of 47.1± 0.1 days. No significant period was found in the analysis of the entire DAO-CCD data set, from 2007−2015. The analysis of the HERMES 2009−2015 data resulted in two significant periods, P 1 = 38.0±0.1 days and P 2 = 33.3±0.1 days. An analysis of the combined DAO-CCD and HERMES data set resulted in a period of P 1 = 37.1±0.1 days and a semiamplitude of 2.10 km-s −1 , with a total range of 16 km-s −1 . These radial velocity results are listed in Table 9 . 7 8.3. Contemporaneous Light, Color, and Velocity Curve Study
In Figure 10 is shown the contemporaneous light, color, and radial velocity curves from 2007−2015, with the light and color curves based on VUO data and the radial velocity based on the combined HERMES and DAO-CCD observations. One can see both the large changes in the seasonal amplitudes and the changes in the mean seasonal brightness levels of the light curve. A period analysis of the observed V light curve from 2007−2015 resulted in periods of 35.3 and 41.2 days, with similar periods found in the B and R C light curves. An attempt was made to investigate a periodicity in the longer-term variations in the mean brightness level but none was found. We therefore normalized the light curve to the mean seasonal brightness values and again carried out a period analysis of the entire V light curve. This resulted in an identical primary period, P 1 = 35.3 days, but a slightly longer secondary period, P 2 = 43.1 days. The frequency spectrum for the V light curve, along with that of the radial velocity curve, is shown in Figure 11 . These photometric periods are similar to those found in the previously published light curve study (Hrivnak et al. 2015a ) and the analysis of the 2007−2015 radial velocity curves discussed above. The attempt to compare the light, color, and radial velocity curves was complicated by the multi-periodic nature and lack of a single dominant period throughout the data. Therefore we examined the individual seasonal light curves to determine the years in which there was a single dominant period in the data. Based on the V light curve, the seasons with significant dominant periods and larger amplitudes were 2008 (37.9 days), 2009 (41.8 days), and 2015 (35.0 days). Similar, but not identical periods were found for the B and R C light curves and for 2009, the (B−V) and (V−R C ) color curves.
We also examined the radial velocity data year by year, noting that they have many fewer data points, ranging from 7 to 24 per year. In most years, no significant periods were found. The years with a single dominant period are 2012: P = 41.6 days (17 data points) and 2014: P = 37.1 days (24 data points), with 2015 having a significant but less dominant period of 35.3 days (14 data points).
To compare the contemporaneous light, color, and radial velocity curves, we analyzed the 2009 and 2015 data, which have dominant periods in the V light curves and also in either the color or radial velocity curves. For the 2009 season, with the fixed value of P = 41.84 days based on the photometric period and an epoch of JD 2,455,600.00, we found semi-amplitudes and phases as follows − V: 0.050 mag and 0.88, B−V: 0.013 mag and 0.80, V−R C : 0.010 mag and 0.80. These parameters resulted in good fits to the light and color curves, with standard deviations of σ(V) = 0.028 mag, σ(B−V) = 0.010 mag, and σ(V−R C ) = 0.010 mag. The resulting V R curve, however, with semiamplitude of 2.16 km s −1 , phase of 0.64, and standard deviation of 2.14, did not yield a good sine curve fit. These sine curve fits are shown in Figure 12. We also compared the 2015 V light curve and radial velocity curve, since there were good fits for each of them analyzed independently and they were close in value (35.0 and 35.3). With a fixed value of P = 35.04 days derived from the V light curve, we found the following − V: 0.041 mag and 0.18 and for V R : 5.10 km s −1 and 0.83. This yielded a very good fit for each. These fit results are listed in Table 10 .
DISCUSSION
A primary goal of this study was to examine the relationship between the pulsation phases of the light, color, and radial velocity curves for PPNe. This phase comparison was determined on certain seasons in which a dominant period was found. For each of these three objects, the light, color, and velocity curves were fitted well by a sine curve with a period determined from the V light curve over a limited range of one to four years. The semi-amplitudes were not large, approximately 0.03−0.05 mag for V, 0.01−0.02 mag for (B−V), and 1.5−5 km s −1 for V R . In Table 11 is listed the phase of minimum for each of the light, color, and radial velocity curves tabulated in Table 10 , along with the phase difference between the color and V light curve and between the radial velocity and the V light curve. For all cases, it was found that the light and color curves were nearly in phase (had similar phase parameters) and the velocity curve was approximately one-quarter cycle out of phase. This is the same phase relation that had been found previously for the PPNe IRAS 22272+5435 and 22223+4327 (Hrivnak et al. 2013) , and these results are also listed for comparison in Table 11 . They had long periods (132, 88 days) and somewhat larger light curve amplitudes, especially IRAS 22272+5435, and consequently somewhat more precise phases. If we examine these results for all five PPNe in detail, we see that the (B−V) color may peak slightly (∼0.05) after the maximum phase of the V light curve and the (V−R C ) at the maximum phase or slightly (∼0.02) after. The radial velocity phases are most accurate for the longer-period objects and they clearly show a quarter-cycle (−0.25) difference from the light curve. These pulsation properties are interpreted to imply that the star is brightest when smallest, with the temperature reaching its maximum value as the star is beginning to expand.
These five PPNe have temperatures that place them in the instability strip for evolved stars (T eff = 6500 K and 5750 K, respectively for IRAS 22223+4327 and 22272+5435 (Van Winckel & Reyniers 2000; Reddy et al. 2002) ). Thus we expect that they pulsate due to the κ mechanism, with the opacity of the star modulated by the helium partial ionization zone. As remarked upon previously (Hrivnak et al. 2013) , the phasing of these PPNe light and velocity curves is very different from those of classical Cepheids, where they differ by half a cycle. Classical Cepheids are not brightest when smallest, but when their photosphere is expanding from minimum size at maximum speed and at approximately average size. This phase lag is attributed to the modulating effects of the changing location of the hydrogen partial ionization zone and its associated opacity effects on the energy flux (Ostlie & Carroll 2007) . This difference is likely due to the response of the much lower-mass envelope found in these lower mass (∼0.6 M ⊙ ) PPNe as compared to the higher-mass classical Cepheids (>3 M ⊙ ).
A more appropriate phase comparison is with RV Tauri variables, which are also thought to be post-AGB objects, although not necessarily (and not likely) objects that will evolve into PNe. These objects are defined by a characteristic pattern of an alternating deeper minimum followed by a shallower one. Photoelectric light curves are available for some of these for four decades, and some, like those of AC Her, are relatively stable. They typically have spectral types ranging from mid-F to K and periods ranging from 30 to 150 days between deeper minima ranging (and thus two minima per cycle). Recently, high precision radial velocity curves have become available for a number of RV Tauri variables, and they reveal not only the pulsational motion of the star but also its orbital motion in a binary system (Manick et al. 2017 , and references therein). Given that these objects have been well studied both photometrically and spectroscopically, it is surprising that there is not a study analogous to ours that explicitly compares the phasing of the two. A comprehensive photometric and spectroscopic study of 11 RV Tauri variables was carried out by Pollard et al. (1996 Pollard et al. ( , 1997 , but unfortunately there was not enough contemporaneous coverage to accurately compare the light and velocity phasing. For AC Her, we were able to find enough data to allow a general comparison of its light and velocity curves. Gillet et al. (1990) obtained 45 radial velocity observations over a 108 day interval and accurately delineated the radial velocity behavior through 1.4 cycles of its 75-day pulsation period. The radial velocity curve also has two minima per cycle, with one much shallower than the other. They also included a schematic drawing of the visual light curve based on observations by the AAVSO light curve observations, in which they claim that the accuracy of the minima is 5 days (0.07 P). Comparing these contemporaneous light and velocity curves reveals that deeper velocity minimum occurs approximately one-quarter of a cycle before the deeper light minimum. At our request, R. Manick kindly examined the light and velocity data for the two objects in their sample (Manick et al. 2017 ) that had contemporaneous observations, IRAS 17038−4815 and HP Lyr. For IRAS 17038−4815 (P=76 days), the radial velocity differs by about a quarter of a cycle (−0.25 phase). For HP Lyr, the comparison is ambiguous, as it is one of the few RV Tauri variables which does not appear to show alternating depths of minima, and thus it is uncertain if the period is 68 days or twice that value. If it is the former, then the radial velocity is a half cycle out of phase and if it is the latter, then the radial velocity is a quarter of a cycle out of phase. Thus in general, for the two or three cases that we can compare, the phase difference between the light and velocity curves of RV Tauri variables appears to agree with what we have found for our sample of five PPNe studied thus far.
Regarding the phasing between the light and color curves, for the three RV Tauri variables studied by Zsolsos (1990) over several years, AC Her, R Sge, and V Vul, it was found that their (B−V) color curves reach minimum and maximum ∼0.08 P before the V light curves. This is in contrast to what we have found for the PPNe, where the color curves are in phase with or reach their extrema slightly after the light curves.
These PPNe pulsations are complex, as is seen in the non-repetitive nature of the amplitudes, the multiple periods, and the scatter in the light and velocity curves. Similar complex pulsations are seen in the light curves of RV Tauri and other post-AGB objects (Kiss et al. 2007 ; Kiss & Bódi 2017), although in PPNe, which typically have smaller amplitude light variations, they appear relatively more pronounced. These effects presumably arise from the non-linear nature of the pulsations. They also manifest themselves in line profile variations, including line splitting. These complexities have been documented in the spectra of PPNe by Lèbre et al. (1996) , Začs et al. (2009 Začs et al. ( , 2016 , and Klochkova (2014).
There have been very few modeling efforts for pulsation in cool post-AGB stars, and the results do not agree well with these and previous PPNe observations. Fokin et al. (2001) computed nonlinear models for post-AGB stars in an attempt to model the PPNe IRAS 07134+1005 (HD 56126). This is an F star with a photometric and spectroscopic period of ∼37 days. They were able to produce the period but the model light amplitude was too large (∼0.4 mag compared to the observed 0.06−0.15 mag) and the fit required too low a temperature (5500 K rather 7250 K) and too high a mass (0.8 M ⊙ rather than the expected 0.6 M ⊙ .) The same problems would exist in applying their model to IRAS 17436+5003 and 19475+3119, and for IRAS 18095+2704 the period is longer than their models can account for. Aikawa (2010) computed radial models for post-AGB stars of temperatures in the range of 5000 to 7100 K. His model for T ef f = 7100 K (log T ef f = 3.85) was stable in the fundamental and the first several overtones and produced a fundamental period of 32 days (at log g = 0.5). He ran nonlinear models at various temperatures. However, the results for the best fit in temperature (log T ef f = 3.85) produced far too short a period (< 10 days) and much too small an amplitude (< 0.01 mag). Models at lower temperatures (log T ef f = 3.75 or T ef f = 5600 K) produced more suitable amplitudes (∼0.2 peak to peak), but the periods were still too short (< 20 days).
SUMMARY AND CONCLUSIONS
In this study, we carried out radial velocity monitoring of three PPNe , IRAS 17436+5003, 18095+2704, and 19475+3119, over intervals of five (1991−1995) and nine (2007−2015) years, along with photometric BVR C monitoring over the later interval. The targets were all of F spectral types.
1. For each of the three, the light and velocity curves had similar periods, which ranged from 35 to 103 days.
2. The pulsation amplitudes are not large, with peak-to-peak ranges of variation of ≤0.22 mag in V, ≤0.10 mag in (B−V), and ≤16 km s −1 in V R .
3. For all three objects plus two previouslystudies PPNe, (a) the light and color curves are approximately in phase, with the suggestion that the color curve perhaps peaks slightly (∼0.05 P) after the light. (b) The radial velocity curve is approximately −0.25 P out of phase with the light curve.
4. The pulsation characteristics are such that the star is brightest when smallest and hottest, with the temperature maximum occurring slightly after minimum size as the star starts to expand.
With the results of this and our previous study (Hrivnak et al. 2013 ), good observational pulsation properties − period, amplitudes of the light and velocity curves, phase difference between the light and velocity − exist for five of the brightest PPNe. Pulsational models can be compared to these observational results for different values of effective temperature, mass, and luminosity. The temperatures of each of these five PPNe have been determined observationally from high-resolution spectroscopic studies. With the upcoming release of parallax measurements from the Gaia mission, we will for the first time be able to determine di-rect distances for these objects and thus their luminosities. Thus pulsational models have the potential to provide the first opportunity to determine masses of these PPNe (none are in know binary systems (Hrivnak et al. 2017 ) and even then, they would almost certainly be single-line) and test post-AGB evolutionary models. The important need for the construction of new pulsational models is obvious, and we close with an appeal to the stellar pulsation modeling community to address this challenging but rewarding situation.
APPENDIX I. DETERMINATION OF THE EMPIRICAL RADIAL VE-LOCITY OFFSETS
As mentioned earlier, when compared carefully, the contemporaneous DAO-CCD, HERMES, and CORAVEL radial velocity sets possessed systematic differences. This was readily apparent when plotting the radial velocities as measured. We determined the value of the systematic difference empirically for each star using one of several means, depending upon which one gave the most reliable results. The radial velocity sets were then adjusted by these differences (offsets), which were calculated in reference to the HERMES values. The first and most reliable method was to do a period analysis of the individual data sets for a star and compare the systemic velocities. For IRAS 18095+2704, an analysis of the 2007−2015 DAO-CCD velocities and an analysis of the 2009-2015 HERMES radial velocities each led to a period 103.5 days, although each period was slightly below the significance criteria. The systemic velocities derived from the periodic fit to each of these two data sets are listed in Table 9 . Comparing the systemic velocity of each data set led to an offset of the DAO-CCD radial velocities with respect to the HERMES velocities of −1.45 km s −1 . Only for IRAS 18095+2704 did the different data sets possess similar period values, and thus we needed to resort to other means to determine the offsets for the other two stars. For IRAS 19475+3119, we determined an offset of −1.2 km s −1 . This was based on the difference between the systemic velocity of the periodic fit to the HERMES data to the average velocity of the DAO-CCD data (for which no periodic fit was found). These two values can also be found in Table 9 . For IRAS 17436+5003, the object with the greatest number of observations, the values of the systematic offsets were reliably determined based on observations of the objects on the same or on adjacent nights with the different telescope systems. This resulted in offsets (HER-MES minus system) of −0.7 km s −1 for DAO-CCD and +0.5 km s −1 for CORAVEL, based on 16 and 11 pairs of radial velocities, respectively.
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a Radial velocity offsets for individual objects needed to bring the DAO-CCD and CORAVEL velocities into agreement with the HERMES velocities: ∆V R = V R (HERMES) − V R (DAO-CCD) or V R (HERMES) − V R (CORAVEL). For DAO-RVS and Burki et al. (1980) , these empirical offsets are unknown since the observations were not made concurrently.
b Burki et al. (1980) . Period values that are not quite significant are indicated with a colon; those that are more uncertain are indicated with a colon and also surrounded by parentheses.
c The phases are determined based on the epoch of JD 2,455,600.00.
d The average velocity is listed in the absence of a systemic velocity determined from a period analysis.
e Period fixed at the value determined from the V light curve during the associated years. b Excluding the later photometric data in 1992, which showed a relatively large increase in brightness and blueness.
c The fit of the radial velocity to this period, or to any reasonable period, is poor. b These are the phases of the minimum light and radial velocity (φ ′ ) based on sine curve fits to the data. They were determined from the phases (φ) listed in Table 10 in the following way. The offset from phase 0.00 was determined by 1.00 − φ, and then this was adjusted by −0.25 phase to the time of minimum and, for the light and color curves, by an additional +0.50 to account for the inverted y-axis of the magnitude system. Fernie & Seager (1993 , 1995 ; radial velocities from DAO-RVS. Sample years of the observations are indicated in the plot. Percy & Welch (1981) and Fernie (1983) ; radial velocities from Burki et al. (1980) . Sample years of the observations are indicated in the plot. 
